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ABSTRACT. Let a, b, ¢, d, f, g be analytic functions of two real variables x, y in the
z = x + iy plane. Consider the elliptic equation (M) du/dx — dv/dy = au + bv + f,
Ou/dy + dv/9x = cu + dv + g. The following areas will be investigated:

(1) the integral respresentations for solutions of (M) to the boundary 3G of a simply
connected domain G;

(2) reflection principles for (M) under nonlinear analytic boundary conditions;

(3) the sufficient conditions for the nonexistence and analytic continuation for the
solutions of the Cauchy problem for (M).

0. Introduction. In this paper we shall study the integral representations for

solutions of the elliptic equations of the following type:

du/dx — dv/dy = au + bv + ,
0.1)

du/dx + ov/dy = cu + dv + g,
in a closed domain G of the z = x + iy plane, where the coefficients are analytic
functions of two real variables x, y in a neighborhood of G. We also study its
applications to the Cauchy problem and the reflection principles under nonlinear
analytic boundary conditions for solutions of (0.1).

The theory described in the work of Vekua [8] has established the complex
integral representation (1.5) for the solution w(z) = u + iv of (0.1) in a simply
connected domain G. However, his theorem cannot immediately be applied to
G U 3G, where 0G is the boundary of G. In Yu [9), the above integral
representation (1.5) of w(z) has been extended to G U 3G under some restrictive
boundary conditions, namely, w(z) has to be assumed Hélder continuous on 9G.
In a variety of applications, due to the generality of the boundary conditions, the
above-mentioned representation is not general enough to be applied to some
wilder classes of solutions. This is also the main difficulty encountered in
applying the method of Lewy [5] to study the reflection principles under
nonlinear boundary conditions and Cauchy problem for solutions of (0.1).

We shall overcome this difficulty in §2 by an elementary method. Our method
is actually new and simpler than the one in [9].
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The classical reflection principle for the Cauchy-Riemann equations has been
generalized by many authors to solutions of various types of elliptic equations
with analytic coefficients in the plane under linear or nonlinear analytic
boundary conditions (Lewy [5], [6], Garabedian [4]). Yu [9] has obtained
reflection principles for solutions of (0.1) under certain linear analytic boundary
conditions and the references are also given there. In this paper we shall further
investigate the reflection principle for solutions of (0.1) under the nonlinear
analytic boundary conditions which are also generalizations of those given by
Lewy [5], [6].

By investigating the relations between A,u + Au = 0 and A,u = 0 whose
solutions share Cauchy data, Lewy [5] gave very interesting sufficient conditions
for the analytic continuation and the nonexistence of the solution of the Cauchy
problem for the equation Ayu + Au = 0. We shall generalize Lewy’s results by
studying the relations between two different differential equations of type (0.1)
whose solutions share Cauchy data. We are also able to give several sufficient
conditions for the nonexistence and the analytic continuation of the solutions of
the Cauchy problem. Furthermore, the domain of continuation is explicitly
stated.

In §1 we give some definitions and a brief summary of Vekua’s theory of the
representations of the solutions of equation (0.1) in a domain G. In §2 we extend
the integral representation (1.5) to the boundary of the domain on which the
solution is given. In §3 we establish the reflection principle for solutions of (0.1)
under nonlinear analytic boundary conditions. In §4 we study the nonexistence
and analytic continuation for the solution of the Cauchy problem for the
equation (0.1).

1. Notations and Vekua’s integral representations. The notations and definitions
which are used in this paper can be found in Yu [9].

By introducing the complex notation

9/0z = }(3/9x + id/dy),
we can write (0.1) in the complex form
(1.1) ow/0z = Aw + Bw + F,
where
W=u+iv, A=J%a+d+ic-ib),
B=1LYa-d+ic+ib), F=I}(f+ig).

If we continue a, b, ¢, d, f, g into the complex, we obtain 4, B, F as
holomorphic functions of the two complex variables z = x + iy, { = x — iy.

From now on we will assume D to be a simply connected domain on the
z = x + iy plane whose boundary 9D is supposed to contain a segment o,
6 = {x:a < x < b}. We assume ¢ contains the origin as an interior point.
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We also assume A(z,¢), B(z,¢), F(z,{) are holomorphic functions of the
variables z,{ € D U o6 U D, where D = {z | Z € D}. Set

(12) ct) = B(z,{)exp[ i aoa- [} A(z,t)dt],

13)  EED) = Fedes|- [ aca)

Recall that f*(§,...,$,) denotes the * conjugate function to a holomorphic
function f(z,,...,z,) and is defined according to the formula

(14) AT AL S (NS

(cf. Yu [9, §2)).
We now state Vekua’s integral representation for solutions of (1.1) in a simply
connected domain G C D U ¢ U D.

Theorem 1.1. Every C’ solution w(z) of differential equation (1.1) in G has the
integral representation

w) = {60) + [ Tzn k00
(1.5) . .
+ [ B2 000 0dr + Unte?) e [ 4G

where (29,%) is a fixed point in (G,G), G = {z |2 € G}, ¢(2) is a holomorphic
function in G, Uy(z,%) is a holomorphic function for z,§{ € D U 6 U D,and [}, T

are two holomorphic functions of the four variables z, t, {, r € D U ¢ U D.
Furthermore,

Unz,t) = [ Femydr
(1.6) + f; ar [ B8R d

+ f;df fo LGS L) Fi@ ),

and
(1.7) (861 = ]:‘ T(z$, tn)dn,
(1.8) L8t = Cn) + [T CENRESE s

where T is the unique holomorphic solution of the Volterra integral equation
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T(z,$,t,7) = C(z,7)C*(,1)

+ [Pan [* CnCHr, 0T 6 m) s,

forz,¢t,t,t € DU UD.
Conversely, the function w(z) which is given by the formula (1.5) is a solution of
differential equation (1.1) in G.

2. Integral representations on G U 0G .

(19)

Lemma 2.1. Let G be a simply connected domain in the complex plane. If w(z) is
uniform continuous on G, then there exists a unique continuous function g(z) on
G U 0G such that g(z) = w(z) on G, where 3G denotes the boundary of G.

Proof. See Graves [2, p. 117].

Theorem 2.1. Every C’ solution w(z) of differential equation (1.1) in D, continuous
in D U o, has the integral representation (1.5) where the function ¢(z) is holomorphic
in D, and can be defined as a continuous function on D U o.

Proof. Let D, be an arbitrary open half disc in D, whose boundary 9D,
contains a segment 6y, 6y C 0, and 0Dy U Dy C D U o. It suffices to prove that
¢(z) is continuous in Dy U 9 D,.

According to (1.5), w(z) has representation

we) = {40 + [ Tz 20

2.1) , .
+ j;o L(z,2, 2y, 7)0*(7) dr + Uo(z,f)}exp [ j;. A(z,t)dt].

Let G be a simply connected compact subset of D U ¢ which contains D, and
2o- Then |} (z,¢$,¢,7)| and |3(z, §, 2, 7)| are bounded by a constant M for z, ¢ € G,
t,r€G.

Let z,, z, be any two points in Dy. Also let ZyZ}, Z;Z; denote segments from z,
to z; and z, to z, respectively. Let

2.2) k(z) = w(z)exp [— f:. i A(z, t)dt] — Uy(2,2);
therefore, (2.1) becomes
k(2) = ¢(2) + fz : L(2,2,4,2,)9(r) dt

(23) ,
+ [, Bzt dr

forz € 212y U 202y .
In view of the method of successive approximation, we have
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2 ) 4
#(2) = k(z) + f H(z,)k(t)dt + f Hy (2, 0k*(t) dt,
2 %
for z € z1Z; U Z3Z;. Furthermore,

|H(z,0] < 4M exp(AM|z —t)) <M, 2zt €757,
|Hy(z,0)] < 4M exp(dM|z —t)) < M,  z,t € 57,

where M, is a constant independent of k, ¢, z,, z,. Since

9(2) = #(a) = () = k() + [* Hile, k(e
+ fz f’ Hy(z, Dk*(f)
we have

(24) l6(z) = ¢(2)] < |k(z2) = k(z)l + 2Mplz; — 2],

where p = max,¢glk(2)l.

Since k(z) is uniform continuous in Dy, p and M, are independent of z; and z,,
by (2.4), ¢(z) is uniform continuous on D,; therefore, ¢(z) has continuous
extension to Dy U 9D, (Lemma 2.1). This completes the proof.

Lemma 2.2. If K(z,?), f(t) are holomorphic for z,t € D U ¢ U D, then

| k@of@d = 50) [ K@t + [ K@ f @
where K, (2,8) = 7 K(z,t')dt".

Theorem 2.2. Every solution w(z) of differential equation (1.1) in D, C’ in D U o,
has the integral representation (1.5), where the function ¢(z) is holomorphic in D and
can be defined as a C’ function on D U o.

Proof. It is clear that w(z) is C' in D U ¢ if and only if wy(z) is C' in D U o,
where

w(z) = wo(z)exp [ J; acar)
By (1.5), wy(2) has representation

wo(2) = 9() + [ a2, 0200 de

2.5) s
+ f: (2,2, 29, 7)¢*(1) dr + Uy(2,2).
%
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Differentiating (2.5), we have
Iwo/ 3z = ¢'(2) + §i(2,2,2,2,)¢(2)
26) + [ LGz z)e0d
+ [ 2,20, 0 + Up(a7)

where I} (2,2, 4,29) = (3/92)[}(z,2,1,25), . . ., etc.
By Lemma 2.2, (2.6) can be rewritten as the following:

@7 %‘% = 4@ + [ B0

+ [ Her@d + U

where H,(z,t), Hy(z,1), U(z) are certain continuous functions for z, t € D U ¢
U D.

Since dw,/dz is continuous in D U ¢, by the same argument as Theorem 2.1,
¢'(2) has continuous extension in D U ¢. This completes the proof.

By the similar argument we have the following generalization.

Theorem 2.3. Let G be a simply connected domain whose boundary 0G is a
Dpiecewise smooth, simple, closed curve and G U G C D U ¢ U D; then every
solution w(z) of differential equation (1.1) in G, continuous (or C') in G U 9G, has
the integral representation (1.5), where the function ¢(z) is holomorphic in G, and can
be defined as a continuous (or C') function on G U 9G.

3. Reflection principles. The approach to be used in this section is patterned
after the ideas of Lewy [5].

Theorem 3.1. Let w(x,y) = u(x,y) + iv(x,y) be a solution of (1.1) in the domain
D, continuous with its first derivatives in D U 6. Assume that u(x,y) satisfies on
y = 0 a real relation

@3.1) u, = h(x,u,v,u,)

where h is an analytic function of its arguments near x = 0, u = u(0,0), v
= v(0,0), u, = u,(0,0). Then w(x,y) can be continued analytically across y = 0
near the origin.

Proof. Introducing the differential operators
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(3.1) becomes u; = u, + ih(x,u,v,u, + uy) which can be solved algebraically with
respect to u, since 1 — idh/du, # 0. Therefore, we can assume u, in terms of u,,
u, v the following form

(3.2) u; = Hy(x,u,v,u,).
Similarly we can assume u, the following form
33) u, = Hy(x,u,v,1;).

Note that H, and H, are holomorphic functions in the neighborhoods of
(0,u4(0,0),v(0,0),4,(0,0)) and (0,x(0,0),v(0,0), %;(0,0)) respectively.
Set

3.4 U(z,2) = u(z) = i(w + W),
(3.5) V(z,2) = v(2) = (1/2i)(w — W),
(3.6) F(z,¢) = exp f;. ! A(z, 1) dt,

so that, by Theorem 2.2, we have
206,8) = { Fla.0)60e) + FG) [ T8t zb0a

R [} B 20w dr + U, $)FG))
3.7

P60 + P16 [ TiG 2t 200t Ot

+P0.) [ T30 270 )00 dr + USGDFE.2)

Recan that Ii(z»fst,fo), B(za§92097)9 I"E (Z,K,I,Zo), r‘Z (fyz,io,f), F(Z,{).
Up(z, ¢), F*($,2), U%(L,2) are holomorphic for z, { € D U 6 U D, ¢(2) is a
function holomorphic in D and can be defined as a continuous differentiable
function in D U o.

Differentiating (3.7), we have

U@$) = FEOEE + [ Ui toe@a
(38)

+ [} Bt et d + a0

where U(z,$,1), Uy(z,$,1), ay(z,$) are certain analytic functions of z, ¢, ¢
€ DUoUD.
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Similarly, we have
U(8) = F*&20%@) + [ Us(a806% () dt
+ [ Ut 000t + aq(.8)

where U;(2,$,0), Ui(2,8,1), ax(z,$) are certain analytic functions of z, ¢, ¢
€DUoUD.
By Lemma 2.2, we can rewrite (3.7) as

(3.9)

(3.10) UGS = [ Ule 8 )¢ (0 dt + ay(2.8)

where Us(z,¢, 1) is holomorphic in D U ¢ U D, a,(z, z) is holomorphic in D and
continuous in D U o.

Similarly
@3.11) V@t = [ e, 5,08 (s + a(z,8)
and
(3.12) Ua$) = [ U806t + as(z,0)

where Uy(z,$,1), Us(z,¢,t) are holomorphic in D U ¢ U D, a,(2,2) and as(z,2)
are holomorphic in D and continuous in D U .
Define the operators 4;, i = 1, 2, 3, by

(3.13) 4(NE) = [ Uyle,z,0 50t + a3z,2),
(314) (NG = [ Ule.z,0 1t + aylz.2),
(3.15) 4@ = [ Use,2,0f (@)t + as(z,2);

then we see 4,(¢)(2) = U(z,2), 43(¢') = V(z,2), A3(¢") = U(z,2).
Substituting the above formulas into (3.3), we have for z € o,

¢'(2) = k(Z) + {H2(21A1¢'oA2¢”A3¢I)
(3.16) - J; Va0t - 0,0,0)}/FG2)

=k(z) + T¢'

where

k@ = {- [ 02060t - a@.2) + U0.0)}/FG.2).
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We now proceed to use the contraction mapping principle to find a solution of
(3.16) in (Jz| < p) N (D U o) where p is a sufficiently small constant.

The operator T is well defined on D U g, since T depends on ¢*(f) and we
know that ¢*(f) is holomorphic in D and continuous in D U o. Moreover,
(T¢')(0) = 0.

In view of the analyticity of H,, there is a small circle y with center 0 and a
constant M; such that for |¢'(z)] < M;, z € y N (D U o), H, is holomorphic for
its arguments.

If the circle y has sufficiently small radius, from (3.8) we see |k(z)] < M, for
zeyn (DU o).

The function H, satisfies a Lipschitz condition with respect to the last 3
arguments. Hence, forz € y N (D U o),

“/F(z’z)| IHZ(Z’AI"PI’AZ¢I’A3¢I) - H2(szl¢2’A2¢2’A3¢2)l

(3.17)
< CoflAiy — A10;| + A0, — Ayéy| + A3y — A3}

For a given a, 0 < a < 1, and p sufficiently small, it is easily seen that
(3.18) sup|4;¢ — 4;¢,| < 4—%- supley — o, i=1,2,3
z2€G 0 z€G

sup

1 - 1 re
(3.19) €6 F"; Ua,z 000 dt - ¢ fo Uy (2,2, 0)¢,(f) dt

a
< 2 -
< ac; SUpler — ¢l

where G = {|z] < p} N {D U ¢}. Hence

(3.20) sup|T¢y — Te,| < asupléy — ¢l
2€G z€G

Therefore by method of successive approximation, there exists a unique
solution ¢'(z) for (3.16) in {|z| < p} N (D U o). This solution is unique and
continuous on {|z| < p} N (D U o), and is regular in (|z| < p) N D. Buton g,
(3.16) expresses the boundary condition which the given u(x,y) satisfies by
hypothesis. Hence on o, (3.16) holds for ¢'(z) as just constructed as for ¢'(z) as
given by (1.5). The two determinations are equal on account of uniqueness.
Therefore, we have obtained an analytic continuation ¢'(z) from D into (|z| < p)
N (DU o).

Now we know that ¢(z) of (1.5) is analytic in a neighborhood of the origin.
This completes the proof.

4. Nonexistence and analytic continuation for the solutions of the Cauchy
problem. Let us consider the following two different equations of type (1.1):

4.1) w0z = A,(2,Z)w + B\(2,2)w + F(z,2)
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and
4.2) 0w/ 0z = A,(2,Z)w + B,(2,2)w + E(z,2),

where 4,(z,¢), Bi(2,¢), F(z,¢) are holomorphic forz,{ € DU o U D,i =1,
2.

The following are two theorems on Cauchy data admitting a solution for (4.1)
and for (4.2), which yield sufficient conditions for analytic continuation and the
nonexistence of the solutions of (4.1) and (4.2).

Theorem 4.1. Let w(x, y) be a solution of (4.1) in D, C' in D U ¢, wy(x,y) be a
solution of (4.2) in D, C’ in D U o, such that wi(x,0) = w,(x,0) = p(x) on a. If
B,(x,x) # B,(x,x), x € o, then p(x) is analytic on o, and its analytic continuation
p(2) is holomorphic in D U 6 U D, except for the zeros of B%(z,z) — B%(z,z) in D.
Furthermore, w,(x,y) and wy(x, y) can be continued analytically into whole D U o
U D, except for the zeros of B%(z,z) — B%(z,2) in D, as solutions of (4.1) and (4.2)
respectively.

Theorem 4.2. If w(x, y) is a solution of (4.1) in D, continuous in D U o, w,(x,y)
is a solution of (4.2) in D, continuous in D U o, such that wy(x,0) = w,(x,0)
= p(x) on o, then p(x) is analytic on o, and its analytic continuation p(z) is
holomorphic in D U ¢ U D. Furthermore, w,(x,y) and w,(x,y) can be continued
analytically into whole D U ¢ U D as solutions of (4.1) and (4.2) respectively.

The assumption B,(x,x) % B,(x,x), x € o, in Theorem 4.1 is indispensable;
we shall give an example (Example 4.1 below) to show the analog of Theorem 4.1
for B,(x,x) = B,(x,x) is incorrect.

Proof of Theorem 4.1. According to Theorem 2.2, w;(z) has the representation

w;(2) = {¢,.(z) + j; " Li(z,2,6,Z)¢ (D) dt

@43) + [ e 22, 0080 dr + Upy(a 2)}exp f atena

i=12,

where ¢;(2) is a function holomorphic in D and can be defined as a continuous
differentiable function in D U o. Therefore, for x € g, (4.3) becomes

o) = {600 + [} Bl 02000
+ j(; * L,(x, x,2;, )¢%(0) dt
<+ L:) I;J(x, X, t’ 2i)¢i(t)dt

+ fz :) Li(x, x,z;, 0)%(0) dt + Uyi(x, x)}exp j; * A;(x, 9 dt,

449
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o) = {100 + [ Thtnx 2080
+ j; * T3(x, x,2;, )¢, (r) dt
0
+ j; ‘ T(x, x,t,2,)0%(0) dt

0 x
+ j; ' I3:(x, x,2;, )¢ (1) dt + Ug,(x,x)}exp j; A%(x,0)dt,

4.5)

where L;(z,2,1,%,), 5(2,2,2,,0), T1:(2,2,4,2), T3:(2,2,2,,0), Upi(z,2), Ugi(z,2),
A;(z,1), A%(z, 1) are holomorphic for z,t € D U ¢ U D.
Define G,(z) = f¢ A;(z,1)dt; thus (4.4) and (4.5) suggest the following integral
equations:
#(2)G(2) - $:()G2@) + [ T(2,2,7)G1 @ () de
- [ B2 2,62)G: @6t = a(2),
[ 61008162z, o ()

~ [ 63T 2,7, d0r(O dt = ax(2)
for the unknown functions ¢,(z) and ¢,(z) in D U o, where

a(2) = [ Bale.2,2, 06,63
- [, BiGz2,0G, @t 0
+ [ Rae 2, 2)G (0 dt
SR TCEAENNGNOF
+G2(2)Ugz(2:2) = G\(D)Uoy(:2),
a,(2) = G%(2)%(2) — G1(2)91(2)
+ [, T2 2)63@e30
- [, 26 2)6@e10d
+ [0 T8 2,0G 3@ ()

- [0 162706 0O d
+G3(2)Us,(2,2) — GY(2)US\(z,2).

4.6)

@.7)
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Recall that

G = Badexp| [ ard - [f 4o,

Calat) = Baexp| [ a3 - [} arteiar]
By (1.7) and (1.8), we see
Lili=r= L 10,1) = Ci(z,7),
Bili= = Bu6.8,87) = Ci(,7).
By B,(x,x) = B,(x,x), we have

G, (%) G,(x)
‘I (X)FZ‘.I (xa X, zl ’ x) G‘Z(X)I‘;J(x’ X, 229 x)

= {B%(x,x) — B%(x,x)}exp [j;: Ay(x,0)dt +j;x Ay(x,0)dr] # 0,

A(x) =

for x € o. In particular, if B%(z,z) — B%(z,z) # 0 for z € D, then A(z) # O for
z € D.

Therefore, the integral equations (4.6) and (4.7) have a unique solution
(¢1(2), #,(2)) which is meromorphic in D, continuous in D U ¢ (except the zeros
of B%(z,z) — B%(z2,2) in D), and agree with the given (¢;(z), $2(z)) on o.

Consequently, the holomorphic functions ¢,(z), ¢,(z) in D can be defined as
meromorphic functions in D U ¢ U D. In the case that A(z) # O for z € D,
¢, (2) and ¢,(z) are holomorphic throughout D U ¢ U D.

Finally, we return to Theorem 1.1; w;(z) and w,(z) can be defined as solutions
of (4.1) and (4.2) in D U ¢ U D respectively, except the zeros of B%(z,z)
— B%(z,z) in D. This completes the proof.

The following example shows that the analog of Theorem 4.1 for B;(x,x)
= B,(x, x) is incorrect.

Example 4.1. Let f{z) be holomorphic in D, continuous in D U o, and
nonanalytic on o. Also let

W(z,8) = f(z)exp [ fo ' Az, 1) dt — fo A, t)dt].

It is clear that w(x,y) = W(z,Z) is a solution of dw/3z = A(z,Z)w in D, and
w(x,0) = f(x) on a.

Proof of Theorem 4.2. According to Theorem 2.1, we again have integral
representation (4.3) for w;(z), but here ¢,(z), ¢,(¢) are holomorphic for z € D,
¢t € D, and continuous forz € DU 6,{ € D U o.

Therefore, for x € o, we again have (4.4) and (4.5). And they suggest the
following integral equations:
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Gi@# () + [ Tz 62)6 (M0 () dt

438) )
~ [} Bal,2,22, 0623 de = a(e),
G3@65() + [ Tha(e2,1,22)G3 (o3 (1)
(49)

- [ 22,0610 0 d = o2,

for the unknown functions ¢, (z), $%(z) in D U ¢, where
z
a(z) = Ga(2}a(2) + [ Tales2.1,2)Ga(oea(0) e
+ [ Do, 2,22, 062 (o3 ()
1

_j;.o L.1(22,62)G, ()¢ () dt
+G,(2)Upa(2,2) = Gy (2)Uy, (2,2)

+ j;: B.I(Z’ 2,2, 9’)Gl (Z)d)‘]([)dl,
bz) = GE1E) + [ Thi(n2,2)G1 @t ()dr
- [, Tt 2.0, 2)G 33 O

+j: I[31(2,2,2,0G1 () () at
+G1QUE(2:2) = G3UB(2.2)

- [ 82206300

Therefore, the integral equations (4.8) and (4.9) have the unique solution
(¢ (2), 9%(2)) which is holomorphic in D, continuous in D U o, and coincides
with the given (¢,(2), $%(z)) on a.

It therefore follows that ¢,(z), ¢5(z) can be considered as holomorphic
functions in D U ¢ U D. By Theorem 1.1, w;(z) and w,(z) are solutions of (4.1)
and (4.2) in D U o U D respectively. This completes the proof.

Corollary 4.1. Let w(x,y) be a solution of (1.1) in D, C' in D U e, f(z) be
holomorphic in D, C' in D U e, such that w(x,0) = f(x) on o. If B(z,z) # O for
z € D, then f(2) is holomorphic in D U o U D, and w(x,y) can be continued
analytic into whole D U o U D as a solution of (1.1).

The following corollary of Theorem 4.2 is a generalization of a well-known
criterion for the analytic continuation of a holomorphic function.
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Corollary 4.2. If p(x) is a Cauchy data of a solution wy(x,y) of (1.1) in D, and is
a Cauchy data of a solution w,(x,y) of (1.1) in D, then there is a unique solution
w(x,y) of (1.1) in D U ¢ U D such that

w(x,y) = w(x,y) inD,

= wy(x,y) inD.

Proof of Corollary 4.1 and Corollary 4.2. These are immediate consequences of
Theorem 4.1 and Theorem 4.2.

Let f(z) be a function defined on a rectifiable simple Jordan curve I'. This
function may be regarded as a function of the length of the arc s, ie.,
f(z(s)) = f(s). If f{s) is continuous with its derivatives up to the mth order on the
arc 0 < s < I, f will be said to belong to the class C™(T'). If, moreover, f™(s)
satisfies the Holder condition with an index g, 0 < p < 1, then it will be said
that f € C(T).

We now state a lemma which is proved by Vekua [7].

Lemma 4.1 (Vekua [7, p. 313]). Let G be a simply connected domain such that
G U 3G C D U 6 U D, whose boundary 3G is a simple smooth curve. Let w(x,y)
be a solution of differential equation (1.1) in G, continuous in G U 9G, satisfying
au + Bv = Re[Az)w] = p(z), A = a + iB on 3G, where p and X € C,(3G),
0<p< 1, |M2)| =1 on dG. Then dw/dx, dw/dy are Holder continuous with
index pon G U 9G.

The next corollary is a refinement of Theorem 4.1.

Corollary 4.3. Let p(x) be a Cauchy data for a solution w(x,y) of (4.1) in D and
for a solution w,(z,y) of (4.2) in D, and p'(x) be Hélder continuous with index p,
0< <1, ono. If Bi(x,x) # By(x,x) on o, then p(x) is analytic on o, and its
analytic continuation p(z) is holomorphic in D U o U D, except the zeros of

*(z,z) — B%(z,2) in D. Furthermore, w\(x,y) and wy(x,y) can be continued
analytically into whole D U ¢ U D, except the zeros of B%(z,z) — B%(z,2) in D, as
solutions of (4.1) and (4.2) respectively.

Proof. Since p’(x) is Hoélder continuous with index g, 0 < p < 1, on o, it
follows from Lemma 4.1 that dw,/dx, dw,/dx, dw,/dy, and dw,/dy are Holder
continuous in D U o. Thus the desired result follows immediately from Theorem
4.1. This completes the proof.

If we further assume that p(x) is nowhere analytic on o, then Theorem 4.1,
Theorem 4.2 and Corollary 4.3 imply the following:

Theorem 4.3. Let p(x) be nowhere analytic on o such that p'(x) is Holder
continuous with index p, 0 < p < 1, on o, and B(x,x) # B,(x,x) on o. If p(x) is
a Cauchy data of a solution w(x,y) of (4.2) in D, then the Cauchy problem with data
p(x) for equation (4.1) has no solution in D.
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Theorem 4.4. Let p(x) be nowhere analytic on o. If p(x) is a Cauchy data of a
solution w(x,y) of (4.2) in D, then the Cauchy problem with data p(x) for equation
(4.1) has no solution in D.
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